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dDepartamento de Matemáticas, Escuela Politécnica Superior, Universidad Carlos III de Madrid,

c/Universidad, 30, 28911 Leganés-Madrid, Spain

Received 2 October 2002; accepted in revised form 16 September 2003

Communicated by Doron S.

Abstract

We improve the class of indices for which normality takes place in a Nikishin system and

apply this in Hermite–Padé approximation of such systems of functions.
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1. Introduction

Let f ¼ ð f1;y; fmÞ be a finite system of (formal) power series

fjðzÞ ¼
XN
k¼0

cj;k

zkþ1
; j ¼ 1;y;m:

Fix a multi-index n ¼ ðn1;y; nmÞAZm
þ where Zþ ¼ f0; 1;yg; and set jnj ¼ n1 þ
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n2 þ?þ nm: It is easy to see that there exists a polynomial Qn such that

ðiÞ QnðzÞc0; deg Qnpjnj;

ðiiÞ ðQnfj 	 Pn;jÞðzÞ ¼ An;j

z
njþ1 þ?; j ¼ 1;y;m; ð1Þ

where on the right-hand side of (ii) we have a formal series in increasing powers of
1=z and Pn;j is the polynomial part of the power expansion of Qnfj at z ¼ N (hence

deg Pn;jpjnj 	 1). The construction of Qn; reduces to finding a non-trivial solution of

a homogeneous linear system of jnj equations on jnj þ 1 unknowns (the coefficients
of Qn). Therefore, a non-trivial solution always exists. For each solution of (1), the

vector
Pn;1

Qn
;y;

Pn;m

Qn

� �
is called the Hermite–Padé approximant (or simultaneous Padé

approximant) of ð f1;y; fmÞ relative to the multi-index ðn1;y; nmÞ: In the case of
one function, the definition reduces to that of a diagonal Padé approximant.

It is well known that Padé approximants and, in particular, diagonal Padé
approximants are uniquely determined. This is not the case for Hermite–Padé
approximants when mX2: Different solutions to the homogeneous system
mentioned above can give rise to different vector Hermite–Padé approximants.

From (1) it follows that a sufficient condition in order that the multi–index
ðn1;y; nmÞ determines a unique vector Padé approximant, is to be able to ensure

that any Qn which solves (1) has deg Qn ¼ jnj: In fact, if Qn and Q̃n satisfy (ii), we

would have that Q̃n ¼ lQn; la0; since otherwise we can obtain a polynomial of
degree less than jnj that verifies (i) and (ii). Multi-indices n for which any solution of
(1) has deg Qn ¼ jnj are said to be normal. A system of functions ð f1;y; fmÞ is said
to be perfect if all multi-indices are normal. Normality of indices and perfectness
of systems are key problems in number theory applications of Hermite–Padé
approximants.

There are two types of systems for which the theory is fairly well developed. The
so-called Angelesco systems [1] which are known to be perfect and the Nikishin
systems [7]. They will be defined in the next section. The main result of this paper (see
Theorem 1) consists in proving that in a Nikishin system all multi-indices n ¼
ðn1;y; nmÞ for which there do not exist iojok such that nionjonk are normal. In

particular, a Nikishin system of two functions is perfect and one with three functions
has all indices normal except (possibly) when n1on2on3: The question of whether
Nikishin systems are perfect or not remains open. The concept of Nikishin system
was extended in a recent paper by Gonchar et al. [5]. Such systems combine Nikishin
and Angelesco systems. Our technique can also be applied in that setting to improve
the class of indices known for which normality takes place in the generalized case.

2. Angelesco and Nikishin systems

In the sequel, we study Hermite–Padé approximants for systems of Markov-type
functions. Let
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fjðzÞ ¼ ŝjðzÞ ¼
Z

dsjðxÞ
z 	 x

; j ¼ 1;y;m; ð2Þ

where sj are finite Borel measures supported on the real line with constant sign. We

do not require that the supports be compact sets, but we will assume that for all
j ¼ 1;y;m and kAZþZ

jxjk dsjðxÞoþN:

It is easy to verify that solving (1), for the system ð f1;y; fmÞ given by (2), is
equivalent to finding Qnc0; deg Qnpjnj such thatZ

xkQnðxÞ dsjðxÞ ¼ 0; k ¼ 0;y; nj 	 1; j ¼ 1;y;m: ð3Þ

If the supports of the measures are compact sets, (3) follows immediately by
use of Cauchy’s integral formula and (ii). In the case of unbounded support (or for
what matters in any case) the proof of the corresponding relations in (3) is a direct
consequence of the algebraic interpretation of (ii) (cf. [2, Lemma 3]).

Let suppðsjÞ denote the support of sj and Dj ¼ C0ðsuppðsjÞÞ be the smallest interval

(bounded or unbounded) containing suppðsjÞ: When Dj-Dk ¼ |; jak; we are in the

presence of an Angelesco system. From (3) we have that Qn has at least nj distinct

zeros on Dj: If we have an Angelesco system, it follows immediately that deg Qn ¼ jnj
and all the zeros of Qn are simple since the zeros attributed lie on different intervals.
Thus, the perfectness of Angelesco systems is quite trivial. When the intervals
overlap the problem becomes quite difficult. In a Nikishin system, the supports of all
the measures sj coincide and, therefore, so do the intervals Dj:

Before defining a Nikishin system, we need some additional notation. We adopt
the one introduced in [5] which is very simple and clarifying. Let s1 and s2 be
measures on R and let F1 and F2 be the smallest intervals containing suppðs1Þ and

suppðs2Þ; respectively. Assume that F1-F2 ¼ |: We define the measure /s1; s2S
as follows:

d/s1; s2SðxÞ ¼
Z

ds2ðtÞ
x 	 t

ds1ðxÞ ¼ #s2ðxÞ ds1ðxÞ: ð4Þ

Therefore, /s1; s2S is a measure with constant sign and support equal to that of s1:

For a system of closed intervals F1;F2;y;Fm such that Fj	1-Fj ¼ |; j ¼ 2;y;

m and measures s1; s2;y; sm with C0ðsuppðsjÞÞ ¼ Fj; we define by induction the

measures

/s1; s2;y; sjþ1S ¼ /s1;/s2;y; sjþ1SS; j ¼ 2;y;m 	 1:

We assume that for all kAZþ and 1pjpm; jxjkAL1ðsjÞ: Set

s1 ¼ /s1S; s2 ¼ /s1; s2S;y; sm ¼ /s1;y; smS:

We say that ðŝ1;y; ŝmÞ is the Nikishin system associated with ðs1;y; smÞ: Notice
that the ordering of the measures is important.
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The following lemma was proved in [3, Theorem 4.1] and is a particular case of
[5, Proposition 3]. In these papers, the measures sj ; 1pjpm; have compact support

but except for minor details the same proofs follow through assuming that

jxjkAL1ðsjÞ:

Lemma 1. Let f ¼ ðŝ1;y; ŝmÞ be a Nikishin system and n ¼ ðn1;y; nmÞ a multi-index

such that

1piojpm ) njpni þ 1: ð5Þ

Then, Qn has exactly jnj ¼ n1 þ?þ nm simple zeros in F1: Therefore, deg Qn ¼ jnj
and the multi-index n is normal.

3. Main results

Definition 1. Let f and *f be two Nikishin systems and let n and ñ be two multi-

indices. We say that the pairs ðf; nÞ and ð*f; ñÞ are equivalent, if the common

denominator Q̃ of the Hermite–Padé approximant of *f relative to ñ; satisfies the
same collection of orthogonality relations (3), as the common denominator Q of the
Hermite–Padé approximant of f relative to n; and vice versa.

We introduce some simple transformations which allow to transform pairs ðf; nÞ
into equivalent ones. Since the definition above obviously determines an equivalence

relation, if after a finite number of such transformations we arrive to a pair ð*f; ñÞ
which satisfies condition (5) of Lemma 1, we can assure that the index n is normal
for f:

Let sa be a finite measure supported on the real line. It is well known (see
[6, Appendix]) that there exists a finite measure ta such that C0ðsuppðtaÞÞC
C0ðsuppðsaÞÞ and

1

#saðzÞ
¼ laðzÞ þ #taðzÞ; zAC\supp sa; ð6Þ

where laðzÞ ¼ aaz þ ba is a polynomial of degree 1.
Given a measurable function g on supp sa; by gsa we denote the measure given by

gðxÞ dsaðxÞ:

Lemma 2. Let ðs1;y; smÞ be a system of measures defining a Nikishin system. Let

2pjpm; then

//sj	1; sjS; tjS ¼ sj	1 	 lj/sj	1; sjS: ð7Þ

Suppose that jom; then

//sj	1; sjS; tj; g/sjþ1; sjSS ¼ 	/sj	1; sj; gsjþ1Sþ Ag/sj	1; sjS ð8Þ

for any gAL1ðsjþ1Þ; where Ag ¼ 	aj

R
gðtÞ #sjðtÞdsjþ1ðtÞ:
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Proof. Let us start out proving (7). From (4) and (6), the left-hand side of (7) is

d//sj	1; sjS; tjSðxÞ

¼ #tjðxÞ #sjðxÞ dsj	1ðxÞ ¼
1

#sjðxÞ
	 ljðxÞ

� �
#sjðxÞ dsj	1ðxÞ

¼ dsj	1ðxÞ 	 ljðxÞ #sjðxÞ dsj	1ðxÞ ¼ dsj	1ðxÞ 	 ljðxÞ d/sj	1; sjSðxÞ:

The last expression in this chain of equalities is the differential form of the measure
in the right-hand side of (7).

In order to prove (8), first let us obtain a convenient expression for the differential
form of the measure /tj; g/sjþ1; sjSS: Let y denote the variable on supp sj and t

the variable on supp sjþ1: By (4) we have that

d/tj; g/sjþ1; sjSSðyÞ ¼
Z

gðtÞ #sjðtÞ dsjþ1ðtÞ
y 	 t

dtjðyÞ:

Let x be the variable on supp sj	1: From the previous relation and (4) we have that

d//sj	1; sjS; tj; g/sjþ1; sjSSðxÞ

¼ d//sj	1; sjS;/tj; g/sjþ1; sjSSSðxÞ

¼
Z

1

x 	 y

Z
gðtÞ #sjðtÞ dsjþ1ðtÞ

y 	 t
dtjðyÞ #sjðxÞ dsj	1ðxÞ

¼
Z Z

gðtÞ #sjðtÞ dsjþ1ðtÞdtjðyÞ
ðx 	 yÞðy 	 tÞ #sjðxÞ dsj	1ðxÞ:

Let us transform the last expression using the identity

1

ðx 	 yÞðy 	 tÞ ¼
1

t 	 x

1

t 	 y
	 1

x 	 y

� �
: ð9Þ

Applying Fubini’s theorem and (6), we get

d//sj	1; sjS; tj; g/sjþ1; sjSSðxÞ

¼
Z

gðtÞ #sjðtÞ
t 	 x

Z
1

t 	 y
	 1

x 	 y

� �
dtjðyÞ dsjþ1ðtÞ #sjðxÞ dsj	1ðxÞ

¼
Z

gðtÞ #sjðtÞ #sjðxÞ
t 	 x

1

#sjðtÞ
	 1

#sjðxÞ
þ ljðxÞ 	 ljðtÞ

� �
dsjþ1ðtÞ dsj	1ðxÞ

¼
Z

gðtÞð #sjðxÞ 	 #sjðtÞÞ
t 	 x

	 ajf ðtÞ #sjðtÞ #sjðxÞ
� �

dsjþ1ðtÞ dsj	1ðxÞ;

where ljðzÞ ¼ ajz þ bj is the first degree polynomial which appears in (6). Then, it

follows that the left-hand side of (8) is equal toZ
gðtÞ #sjðxÞ 	 #sjðtÞ

� 	
t 	 x

dsjþ1ðtÞ dsa	ðxÞ þ Ag #sjðxÞ dsj	1ðxÞ

with Ag as indicated in (8). Thus, the second term in the last expression corresponds

to the second term on the right-hand side of (8). To complete the proof it is sufficient
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to show that the first term in the last expression equals the first term on the right-
hand side of (8). To this end, using again (9) in the opposite direction and Fubini’s
theorem, we haveZ

gðtÞð #sjðxÞ 	 #sjðtÞÞ
t 	 x

dsjþ1ðtÞ dsj	1ðxÞ

¼
Z

gðtÞ
t 	 x

Z
dsjðyÞ
x 	 y

	
Z

dsjðyÞ
t 	 y

� �
dsjþ1ðtÞ dsj	1ðxÞ

¼
Z Z

gðtÞ
t 	 x

1

x 	 y
	 1

t 	 y

� �
dsjðyÞ dsjþ1ðtÞ dsj	1ðxÞ

¼ 	
Z Z

gðtÞdsjþ1ðtÞ
ðx 	 yÞðy 	 tÞ dsjðyÞ dsj	1ðxÞ;

which is the differential expression of the measure 	/sj	1; sj; gsjþ1S as we needed

to prove. &

Lemma 3. Let sa and sb be two measures and lðzÞ ¼ az þ b a first degree polynomial.

We have

/sa; lsbS ¼ A/saSþ/lsa; sbS;

where A ¼ 	ajsbj and jsbj ¼
R

dsbðtÞ denotes the total variation of sb:

Proof. In fact,

d/sa; lsbSðxÞ ¼
Z

lðtÞ dsbðtÞ
x 	 t

dsaðxÞ

¼
Z ðlðtÞ 	 lðxÞÞ dsbðtÞ

x 	 t
dsaðxÞ þ

Z
lðxÞ dsbðtÞ

x 	 t
dsaðxÞ

¼ 	 a

Z
dsbðtÞ dsaðxÞ þ d/lsa; sbSðxÞ

as claimed. &

Let f be a Nikishin system and let n be a multi-index. Given a fixed j; 2pjpm;
assume that n satisfies

(a) nj	1onj and niXnj	1; 1pipj 	 1;

(b) if jom then nipnj; j þ 1pipm:

Let us define the following transformation. Let ðf; nÞ satisfy (a) and (b). Let

ðs1;y; smÞ be the collection of measures defining f: By f j we denote the Nikishin
system generated by the collection of measures which is obtained from the previous
one assigning to the coordinate j 	 1 the measure /sj	1; sjS to the coordinate j the

measure tj and if jom to the coordinate j þ 1 we assign the measure /sjþ1; sjS: The

other measures remain unchanged. By n j we denote the multi-index obtained from n

interchanging the coordinates j 	 1 and j:
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Lemma 4. Let ðf; nÞ be given and let n satisfy (a) and (b) for a given j; 2pjpm: Then

ðf j ; n jÞ is equivalent to ðf; nÞ:

Proof. Let us check that both systems verify the same orthogonality relations (3).

For the second system, we denote n j ¼ ðñ1;y; ñmÞ whereas f j is given by the Cauchy
transform of the measures s̃1;y; s̃m: For 1pioj 	 1 we have that s̃i ¼ si and ñi ¼ ni

so trivially for such indices i the same orthogonality relations hold. Also, s̃j	1 ¼ sj

and ñj	1 ¼ nj and thus the index j 	 1 in the second system gives the same

orthogonality relations as the index j for the first system.
Now, let us consider the index j: On the second system, this index is associated to

the measure

s̃j ¼ /s1;y;/sj	1; sjS; tjS:

If we use (7) and Lemma 3 repeatedly, it holds that

s̃j ¼ sj	1 þ aj

X
1oioj	1

jsi
jjsi	1 	 ljsj; ð10Þ

where si
j ¼ /si;y; sjS: Using (10), (a), and what has been proved for the indices

1pioj it follows that

0 ¼
Z

xkQ̃nðxÞ ds̃jðxÞ; 0pkoñj ¼ nj	130 ¼
Z

xkQ̃nðxÞ dsj	1ðxÞ;

0pkonj	1:

Finally, consider an index i4j: On the second system, this index is associated to
the measure

s̃i ¼/s1;y;/sj	1; sjS; tj ;/sjþ1; sjS;y; siS

¼/s1;y;/sj	1; sjS; tj ; g/sjþ1; sjSS;

where gðxÞ � 1 for i ¼ j þ 1 and gðxÞ ¼
R
ðx 	 tÞ	1

ds
jþ2

i ðtÞ for j þ 2pipm: Using

(8) it holds that

s̃i ¼ 	si þ Agsj; ð11Þ

where AgAC is as in Lemma 2. From (11), (b), and the orthogonality relations just

proved for the index j it follows that for i4j

0 ¼
Z

xkQ̃nðxÞ ds̃iðxÞ; 0pkoñi ¼ ni30 ¼
Z

xkQ̃nðxÞ dsiðxÞ; 0pkoni

with which we conclude the proof. &

Theorem 1. Let f be a Nikishin system and n ¼ ðn1;y; nmÞ a multi-index such that

there do not exist 1piojokpm such that nionjonk: Then, Qn has exactly jnj ¼
n1 þ?þ nm simple zeros in F1: Therefore, deg Qn ¼ jnj and the multi-index n is

normal.
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Proof. If the components of n are decreasing in value, the conditions of Lemma 1 are
satisfied and we have nothing to prove. Therefore, suppose that n has a component
jX2 for which nj	1onj: Among all such components we take one for which nj is

largest in value. According to the assumptions of the theorem for this index j

conditions (a) and (b) are fulfilled. We can apply Lemma 4 thus obtaining a pair

ðf j ; n jÞ equivalent to ðf; nÞ: Notice that ðf j; n jÞ also satisfies the assumptions of the

theorem; that is n j does not have three components increasing in value. So we can
repeat the process. Obviously, after a finite number of repetitions we arrive at a
multi-index whose components are decreasing in value and according to Lemma 1
the corresponding Qn has exactly jnj simple zeros all lying on F1: But this polynomial
Qn is exactly the same one corresponding to the initial system since it satisfies the
same set of orthogonality relations. With this we conclude the proof. &

The previous result has applications to the study of the convergence of Hermite–
Padé approximation to Niskishin systems of functions. We have:

Corollary 1. Let f ¼ ð f1;y; fmÞ be a Nikishin system. Let fnðrÞg; rAN; be a sequence

of multi-indices nðrÞ ¼ ðn1ðrÞ;y; nmðrÞÞ; limr-N jnðrÞj ¼ N; such that for each rAN

there do not exist 1piojokpm such that niðrÞonjðrÞonkðrÞ and there exists a

constant c such that niðrÞXðjnðrÞj=mÞ 	 c for all 1pipm: Assume that either F2 is

bounded or
P

N

n¼1 c
	1=2n
n ¼ N where cn ¼

R
jxjn ds1ðxÞ: Then for each 1pipm

lim
r-N

PnðrÞ;i
QnðrÞ

¼ fi

uniformly on each compact subset of C\F1:

Proof. According to [2, Theorem 1], our assumptions imply that each component of
the Hermite–Padé approximant converges to the corresponding component of f in
logarithmic capacity on each compact subset of C\F1: On the other hand, for all
1pipm and rAN; all the poles of PnðrÞ;i=QnðrÞ lie on F1: According to [4, Lemma 1],

this and the convergence in capacity imply our statement. &

Another consequence extends Corollary 2 in [2].

Corollary 2. Let f ¼ ð f1;y; fmÞ be a Nikishin system. Let fnðrÞg; rAN; be a sequence

of multi-indices nðrÞ ¼ ðn1ðrÞ;y; nmðrÞÞ; limr-N jnðrÞj ¼ N; such that for each rAN

there do not exist 1piojokpm such that niðrÞonjðrÞonkðrÞ and there exists

j; 1pjpm; such that for all rAN we have that njðrÞXniðrÞ; iaj: Assume that either F2

is bounded or
P

N

n¼1 c
	1=2n
n ¼ N: Then

lim
r-N

PnðrÞ;j
QnðrÞ

¼ fj

uniformly on each compact subset of C\F1:
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Proof. The proof is basically the same as for Corollary 1 except that the arguments
can only be applied to the jth component. &
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